Zeilberger's KOH theorem and the strict unimodality of q-binomial
  coefficients by Zanello, Fabrizio
ar
X
iv
:1
31
1.
44
80
v2
  [
ma
th.
CO
]  
1 A
pr
 20
14
ZEILBERGER’S KOH THEOREM AND THE STRICT
UNIMODALITY OF q-BINOMIAL COEFFICIENTS
FABRIZIO ZANELLO
Abstract. A recent nice result due to I. Pak and G. Panova is the strict unimodality
of the q-binomial coefficients
(
a+b
b
)
q
(see [2] and also [3] for a slightly revised version of
their theorem). Since their proof used representation theory and Kronecker coefficients, the
authors also asked for an argument that would employ Zeilberger’s KOH theorem. In this
note, we give such a proof. Then, as a further application of our method, we also provide a
short proof of their conjecture that the difference between consecutive coefficients of
(
a+b
b
)
q
can get arbitrarily large, when we assume that b is fixed and a is large enough.
A sequence c1, c2, . . . , ct is unimodal if it does not increase strictly after a strict decrease.
It is symmetric if ci = ct−i for all i. The unimodality of the q-binomial coefficient
(
a+ b
b
)
q
=
(1− q)(1− q2) · · · (1− qa+b)
(1− q)(1− q2) · · · (1− qa) · (1− q)(1− q2) · · · (1− qb)
,
which is easily proven to be a symmetric polynomial in q, is a classical and highly nontrivial
result in combinatorics. It was first shown in 1878 by J.J. Sylvester, and has since received
a number of other interesting proofs (see e.g. [4, 5, 7]). In particular, a celebrated paper
of K. O’Hara [1] provided a combinatorial proof for the unimodality of
(
a+b
b
)
q
. O’Hara’s
argument was subsequently expressed in algebraic terms by D. Zeilberger [8] by means of
the beautiful KOH identity. This identity decomposes
(
a+b
b
)
q
into a finite sum of polynomials
with nonnegative integer coefficients, which are all unimodal and symmetric about ab/2.
More precisely, fix integers a ≥ b ≥ 2. For any given partition λ = (λ1, λ2, . . . ) of b, set
Yi =
∑i
j=1 λj for all i ≥ 1, and Y0 = 0. Then the KOH theorem can be stated as follows:
Lemma 1 (KOH).
(
a+b
b
)
q
=
∑
λ⊢b Fλ(q), where
Fλ(q) = q
2
∑
i≥1 (
λi
2 )
∏
j≥1
(
j(a+ 2)− Yj−1 − Yj+1
λj − λj+1
)
q
.
A recent nice result shown by I. Pak and G. Panova is a characterization of the strict
unimodality of q-binomial coefficients; i.e., they determined when
(
a+b
b
)
q
strictly increases
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from degree 1 to degree ⌊ab/2⌋ (see [2], and also [3] for a slightly revised version of the
theorem). Since their argument employed the algebraic machinery of Kronecker coefficients,
the authors asked whether a proof could also be given that uses Zeilberger’s KOH identity.
We do this in the present note. Then, as a further pithy application of this method, using
the KOH theorem we also give a very short proof of a conjecture stated in the same papers,
on the unbounded growth of the difference between consecutive coefficients of
(
a+b
b
)
q
.
The next lemma is a trivial and probably well-known fact of which we omit the proof.
Lemma 2. Let c and d be positive integers such that the q-binomial coefficient
(
c+d
d
)
q
is
strictly unimodal. Then, for any positive integer t ≤ cd such that t 6= cd − 2, the product(
c+d
d
)
q
(
t+1
1
)
q
is strictly unimodal (in all nonnegative degrees).
Theorem 3 ([2, 3]). The q-binomial coefficient
(
a+b
b
)
q
is strictly unimodal if and only if
a = b = 2 or b ≥ 5, with the exception of
(a, b) = (6, 5), (10, 5), (14, 5), (6, 6), (7, 6), (9, 6), (11, 6), (13, 6), (10, 7).
Proof. We can assume that b ≥ 5, otherwise, as it is also noted in [2, 3], the result is easy to
show. By Lemma 1, since all terms in the KOH decomposition of
(
a+b
b
)
q
are unimodal and
symmetric with respect to ab/2, in order to show that
(
a+b
b
)
q
is strictly unimodal, it clearly
suffices to determine, for each positive degree up to ab/2, some suitable KOH term that is
strictly increasing in that degree. We begin by showing that, for any a ≥ b ≥ 2,
(
a+b
b
)
q
strictly increases up to degree ab/2− a for b even, and up to degree ab/2 − a/2 for b odd.
Let b = 2m be even. Then the KOH term contributed by the partition λ = (λ1 =
2, . . . , λm−1 = 2, λm = 1, λm+1 = 1) of b is given by:
Fλ(q) = q
2(m−1)
(
(m− 1)(a+ 2)− 2(m− 2)− (2m− 1)
1
)
q
(
(m+ 1)(a+ 2)− (2m− 1)− 2m
1
)
q
= qb−2
(
ab/2− a− b+ 3
1
)
q
(
ab/2 + a− b+ 3
1
)
q
.
Notice that the product of the last two q-binomial coefficients is strictly increasing (by
1) from degree 0 to degree ab/2 − a − b + 2. Also,
(
a+b
b
)
q
is clearly strictly increasing
from degree 1 to degree b − 2, since so is the usual partition function p(n) (see e.g. [6],
Chapter 1). From this, we easily have that
(
a+b
b
)
q
strictly increases from degree 1 to degree
(ab/2− a− b+ 2) + (b− 2) = ab/2− a.
The proof for b = 2m + 1 odd, giving us that
(
a+b
b
)
q
is strictly increasing up to degree
ab/2− a/2, is similar (using λ = (λ1 = 2, . . . , λm = 2, λm+1 = 1)) and thus will be omitted.
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Now, in order to show that for the desired values of a and b,
(
a+b
b
)
q
strictly increases in
each of the remaining degrees up to ab/2, we consider three cases depending on the residue
of b modulo 3. We start with b ≡ 0 modulo 3, and assume that b ≥ 15. The KOH term
corresponding to the partition λ = (b/3, b/3, b/3) of b is given by:
Fλ(q) = q
6(b/32 )
(
3(a+ 2)− 2b/3− b
b/3
)
q
= qb(b−3)/3
(
(3a− 2b+ 6) + b/3
b/3
)
q
.
Notice that b(b−3)/3 < ab/2−a, and 3a−2b+6 ≥ 15. Thus, it easily follows by induction
that, for b ≥ 15, the strict unimodality of
(
(3a−2b+6)+b/3
b/3
)
q
implies that of
(
a+b
b
)
q
, as desired.
Let now b ≡ 1 modulo 3, and assume b ≥ 19. By considering the partition λ = ((b −
1)/3, (b− 1)/3, (b− 1)/3, 1) of b, we get:
Fλ(q) = q
(b−1)(b−4)/3
(
3a− 2b+ 8 + (b− 4)/3
(b− 4)/3
)
q
(
4a− 2b+ 9
1
)
q
.
It is easy to check that, under the current assumptions on a and b, we have (b−1)(b−4)/3 <
ab/2 − a and (3a − 2b + 8)(b − 4)/3 ≥ (4a − 2b + 8) + 3. In particular, we are under the
hypotheses of Lemma 2. Thus, since 3a−2b+8 ≥ 15, the strict unimodality of
(
a+b
b
)
q
follows
by induction from that of
(
3a−2b+8+(b−4)/3
(b−4)/3
)
q
, for all b ≥ 19, as we wanted to show.
The treatment of the case b ≡ 2 modulo 3, b ≥ 20, is analogous so we will omit the details.
We only remark here that one considers the partition λ = ((b−2)/3, (b−2)/3, (b−2)/3, 1, 1)
of b, whose contribution to the KOH expansion of
(
a+b
b
)
q
is:
Fλ(q) = q
(b−2)(b−5)/3
(
3a− 2b+ 10 + (b− 5)/3
(b− 5)/3
)
q
(
5a− 2b+ 11
1
)
q
.
The strict unimodality of
(
a+b
b
)
q
, for b ≥ 20, then follows in a similar fashion from that of(
3a−2b+10+(b−5)/3
(b−5)/3
)
q
, by employing Lemma 2 and induction.
Therefore, it remains to show the theorem for 5 ≤ b ≤ 17 (b 6= 15). We will assume for
simplicity that a ≥ 2b+ 13, the result being easy to verify directly for the remaining values
of a. The KOH term contributed by the partition (b) of b in the expansion of
(
a+b
b
)
q
is:
F(b)(q) = q
2(b2)
(
a + 2− b
b
)
q
= qb(b−1)
(
(a− 2b+ 2) + b
b
)
q
.
Clearly, since a ≥ 2b + 13, we have b(b − 1) < ab/2 − a and a − 2b + 2 ≥ 15. Thus, by
induction, the strict unimodality of
(
(a−2b+2)+b
b
)
q
implies that of
(
a+b
b
)
q
, as desired. 
In Remark 3.6 of [2, 3], the authors also conjectured that, roughly speaking, the difference
between consecutive coefficients of a q-binomial coefficient is eventually larger than any
fixed integer. As a further nice, and very brief, application of our method, we answer this
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conjecture in the positive using the KOH identity. (Just notice that unlike in the original
formulation of the conjecture, our proof will assume that b is fixed and only a is large enough.)
Proposition 4. Fix any integer d ≥ 1. Then there exist integers a0, b and L such that, if(
a+b
b
)
q
=
∑ab
i=0 ciq
i, then ci − ci−1 ≥ d, for all indices L ≤ i ≤ ab/2 and for all a ≥ a0.
Proof. Consider the partition λ[k] = (λ
[k]
1 = b− k, λ
[k]
2 = 1, . . . , λ
[k]
k+1 = 1) of b, where k ≥ 1.
It is easy to see that its contribution to the KOH identity for
(
a+b
b
)
q
is given by:
Fλ[k](q) = q
(b−k)(b−k−1)
(
a− 2b+ 2k + 2 + (b− k − 1)
b− k − 1
)
q
(
(k + 1)(a+ 2)− 2b+ 1
1
)
q
.
Set for instance b = 2d + 4 and a0 = (d + 2)(d + 3) + 6, where we can assume d ≥ 2. A
standard computation gives that, for any a ≥ a0 and k ≤ b/2 − 2 = d, we are under the
hypotheses of Lemma 2. Hence, by Theorem 3, each polynomial Fλ[k](q) is strictly unimodal
from degree (b − k)(b − k − 1) on, and the theorem now immediately follows by choosing
L = (b− 1)(b− 2) + 1 = 4d2 + 10d+ 7 and considering the coefficients of
∑d
k=1 Fλ[k](q). 
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